Based on the previous paper arXiv:1207.5309, we investigate the possibility to find out the bulk viscosity of dual fluid at the finite cutoff surface via gravity/fluid correspondence in Einstein-Maxwell gravity. We find that if we adopt new conditions to fix the undetermined parameters contained in the stress tensor and charged current of the dual fluid, two new terms appear in the stress tensor of the dual fluid. One new term is related to the bulk viscosity term, while the other can be related to the perturbation of energy density. In addition, since the parameters contained in the charged current are the same, the charged current is not changed.
I. INTRODUCTION
The AdS/CFT correspondence [1] [2] [3] [4] provides a remarkable connection between a gravitational theory and a quantum field theory. According to the correspondence, the gravitational theory in an asymptotically AdS spacetime can be formulated in terms of a quantum field theory on its boundary. In particular, the dynamics of a classical gravitational theory in the bulk is mapped to a strongly coupled quantum field theory on the boundary. Therefore, AdS/CFT provides a useful tool and some insights to investigate the strongly coupled field theory from the dual classical gravitational theory [5, 6] .
Since the discovery of the AdS/CFT correspondence, there has been much work studying the hydrodynamical behavior of the dual quantum field theory using this correspondence [7] [8] [9] [10] , and a simple reason is that the hydrodynamics can be an effective description of any interacting quantum field theory in the long wave-length limit, i.e. when the length scales under consideration are much larger than the correlation length of the quantum field theory. Furthermore, as the long wave-length limit of the AdS/CFT correspondence, the gravity/fluid correspondence has also been proposed in [11] . The big advantage of the gravity/fluid correspondence is that it can provide a systematic way to map the boundary fluid to the bulk gravity. Besides the first order stress-energy tensor, the charged current of dual fluid can be both obtained by using the gravity/fluid correspondence [12] [13] [14] [15] [16] [17] [18] . Furthermore, it has been shown that the chiral magnetic effect (CME) and the chiral vortical effect (CVE) can be brought into the hydrodynamics via this correspondence after adding the Chern-Simons term of Maxwell field in the action [15, 16, [19] [20] [21] .
Note that, the dual field theory in AdS/CFT correspondence or gravity/fluid correspondence usually resides on the boundary with infinite radial coordinate, and the corresponding dual field or fluid are conformal. In fact, the AdS/CFT correspondence can also be used to studying nonconformal fluids. A simple way of achieving this is to break the conformal symmetry by introducing a finite cutoff on the radial coordinate in the bulk, and it has been shown that a Navier-Stokes (NS) fluid can live on the cutoff surface r = r c , which implies a deep relationship between the NS equations and gravitational equations [29, [31] [32] [33] [34] [35] [36] [37] . Moreover, from the renormalization group (RG) viewpoint, the radial direction of the bulk spacetime corresponds to the energy scale of the dual field theory [22] [23] [24] [25] . The infinite boundary corresponds to the UV fixed point of the dual field theory, and hence cannot be reached by experiments. Therefore, the physics at a finite cutoff surface r = r c which means a finite energy scale becomes important, and the dependence of transport coefficients of dual fluid on the cutoff surface r c can be interpreted as the RG flow. In the literature, there exist several approaches investigating the RG flow, such as the Wilsonian fluid/gravity [29] , the holographic Wilsonian RG [26, 27] and the sliding membrane [28] . It has been found that these apparently different approaches can be equivalent [30] . In addition, following the spirit of the gravity/fluid correspondence [29, 33, 35] , the investigation of the dual fluid on infinite boundary has also been generalized to a finite cutoff surface, which contains the Chern-Simons term of the Maxwell field in the bulk [49] . A little difference from the case with infinite boundary, the first order stress-energy tensor and charged current of the dual fluid at the finite cutoff surface contain several undetermined parameters which relate to the boundary conditions and gauge conditions. In order to fix these parameters, the Dirichlet boundary condition and Landau frame have been chosen in Ref [49] . It has been found that the dual fluid on the hypersurface is non-conformal, which is expected from the fact that the conformal symmetry has been broken with a finite radial coordinate in the bulk. The shear viscosity takes the same value as that at the infinite boundary [38] [39] [40] . However, the dual stress tensor has zero bulk viscosity. Usually, nonzero bulk viscosity can also break the conformal symmetry of dual fluid. Therefore, how the nonzero bulk viscosity of dual fluid can appear at the finite cutoff surface is the main issue focused on in this letter. A simple result is that the bulk viscosity can be obtained if we let the energy density of fluid perturb, which means relaxing the usually chosen Landau frame condition, i.e. T
(1)
The rest of the paper is organized as follows. In Sec. II, we present a review containing the main results in [49] . Particularly, we point out the Dirichlet boundary condition and Landau frame to fix the undetermined parameters, and obtain the dependence of transport coefficients on the radial cutoff r c . In Sec. III, a new conditions are chosen to fix the undetermined parameters, and the bulk viscosity can appear under this new conditions. Sec. VII is devoted to the conclusion and discussion.
II. REVIEW: HOLOGRAPHIC CHARGED FLUID AT FINITE CUTOFF SURFACE
In this section, we will give a simple review to show the main results in [49] , which uses the gravity/fluid correspondence to generalize the dual charged fluid on the infinite (conformal) boundary to the finite cutoff surface, with a five-dimensional Einstein-Maxwell gravity with Chern-Simons term in the bulk.
The action of the five-dimensional Einstein-Maxwell gravity with Chern-Simons term is
The equations of motion are
and the starting point is the five-dimensional charged RN-AdS black brane solution [41] [42] [43] 
where
Note that, the RN-AdS black brane solution still solves the equation (2.2) even in the presence of Chern-Simons term. From (2.3), the outer horizon of the black brane is located at r = r + , where r + is the largest root of f (r) = 0, and its Hawking temperature is
In order to avoid the coordinate singularity, one can write the above black brane solution in the Eddington-Finkelstin coordinate system
where v = t + r * , and r * is the tortoise coordinate satisfying dr * = dr/(r 2 f ).
Since the holographic charged fluid is considered at some cutoff hypersurface r = r c (r c is a constant), thus it is useful to make a coordinate transformation v → v/ f (r c ) in the solution (2.6), and the simple reason is explicitly making the induced metric on the cutoff surface conformal to flat metric, i.e. the cutoff surface with metric ds 2 = r 2 c (−dv 2 + dx 2 + dy 2 + dz 2 ). It should be pointed that the Hawking temperature is expressed as T = T + / f (r c ) with respect to the killing observer (∂/∂v) a in the new coordinate system, and the RN-AdS black brane solution becomes
Since we expect to obtain the transport coefficients of dual fluid at finite cutoff surface like shear viscosity η, which usually needs the non-constant velocity of fluid. Therefore, we can first give the above static black brane a constant velocity through a boosted transformation, which obtains the five-dimensional boosted RN-AdS black brane solution
where x µ = (v, x i ) is the boundary coordinates, velocities β i are constants, P µν is the projector onto spatial directions, and the boundary indices (µ, ν) are raised and lowered with the Minkowsik metric η µν , while the bulk indices have been distinguished by (A, B). Note that, after boosting the black brane solution in Eq. (2.7), the metric (2.8) describes a uniform boosted black brane moving at velocity β i , and one obtains a solution with more parameters which can then be related to the degrees of freedom of the dual boundary fluid [11] . In addition, another underlying idea is that the boosted black brane solution will be related to a dual fluid solution of constant velocity.
As we know, if one expects to obtain the transport coefficients like shear viscosity η of fluid, the fluid should be with non-constant velocity. And a simple way of constructing the fluid with non-constant velocity is to perturb the fluid away from equilibrium, i.e. promoting the constant velocity to x i and v-dependent functions, then one can find the equations of motion satisfied by fluid perturbation. On the dual gravity side, this can be achieved by promoting the parameters in the boosted black brane solution (2.8) to functions of boundary coordinates x µ [11, 12] . Since the parameters now depend on the boundary coordinates, the solution (2.8) is no longer a solution of the equation of motion (2.2), extra correction terms are needed to make (2.8) with non-constant parameters to be a solution. It is useful and convenient to define the following tensors
10) W AB and W A no longer vanish for (2.8) with non-constant parameters, and are proportional to the derivatives of the parameters. These terms are the source terms which will be canceled by extra correction terms introduced into the metric and Maxwell field. It should be pointed out that there is a trick to obtain the extra correction terms. According to the Refs [11, 12] , one can first obtain the extra correction terms at the origin x µ = 0. Then, the extra correction terms at any point can be simply obtained by making the extra correction terms at the origin x µ = 0 into a covariant form. More details, in order to obtain the extra correction terms at the origin x µ = 0, one can first expand the parameters around x µ = 0 to the first order
where β i (0) = 0 have been assumed at the origin, and we only consider the first order case in our manuscript. Obviously, by construction here x µ are small quantities which can be counted like ǫ.
Moreover, since the power of x µ and the order of derivatives are always equal in every term of the Taylor expansion in (2.12), the small x µ expansion is equivalent to the relativistic hydrodynamic limit which is frequently taken in the fluid/gravity literatures, i.e. ∂ v ∼ ǫ and ∂ i ∼ ǫ. Therefore, the first order source terms can be obtained by inserting the solution (2.8) with (2.12) into W AB and W A . By choosing an appropriate gauge like the background field gauge in [11] (G represents the full metric) 13) and taking into account the spatial SO(3) symmetry preserved in the background metric (2.7), the first order correction terms around x µ = 0 needed to compensate for the source terms are [11] 
Note that, the region interested in is between the outer horizon and cutoff surface r + ≤ r ≤ r c .
By requiring a cancellation between the effects of correction and source terms, one obtains 16) where α(r) is 17) and the Dirichlet boundary condition at r = r c , regularity of the bulk fields at the future horizon have been used to obtain α(r). In addition, h(r) is solved from W rr = 0, while a v (r) is solved from W r = 0 or W v = 0, and k(r) is solved from W vv = 0 or W vr = 0. j i (r) and a i (r) are more difficult to solve since they couple with each other. For details on how to solve their equations see [49] .
Therefore, the extra correction terms at the origin are obtained, and hence the extra correction terms at any point of the whole cutoff surface can be constructed from the extra correction terms at the origin by making them into a covariant form [11, 12] , which finally gives the first order perturbative solution for the bulk.
Given the first order perturbative solution for the bulk, we are able to extract information of the dual fluid using the gravity/fluid correspondence. According to the correspondence, the stress tensor T µν of dual fluid residing at the cutoff surface with the induced metric γ µν is given by [31, [45] [46] [47] [48] ] 18) where γ µν is the boundary metric obtained from the well-known ADM decomposition
the extrinsic curvature is K µν = − 1 2 (∇ µ n ν +∇ ν n µ ), and n µ is the unit normal vector of the constant hypersurface r = r c pointing toward the r increasing direction. Note that, here and hereafter we mainly investigate the stress tensor of dual fluid T µν residing on the spacetime γ µν , which will be found to be more consistent with the next section and sufficient for the discussion. In addition, the term Cγ µν is usually related to the boundary counterterm added to cancel the divergence of the stress tensor T µν when the boundary r = r c approaches to infinity, for example C = 3 in the asymptotical AdS 5 case. However, in our case with finite boundary there is no divergence of the stress tensor, the reason that we still add the boundary counterterm is to compare with the results obtained for r c approaches infinity.
For the dual charged current at the finite cutoff surface, it can be computed via 20) whereÂ µ is the gauge field A µ projected to boundary.
It is obvious that there are nine parameters C h1 , C h2 , C k1 , C k2 , C a1 , C a2 , C j1 , C j2 and C in the stress tensor and charged current of the dual fluid, where the solution of j i (r) contains two constants C j1 and C j2 . In order to extract useful information on the dual fluid, one needs to fix these parameters. In Ref [49] , after considering the consistency which deduces C k1 = 0, C = 3 for the comparison. The Dirichlet boundary condition has also been chosen like 21) and the underlying physics of this boundary condition is to keep the induced metric γ µν to be flat metric or conformal to flat metric, thus has a well-defined boosted transformation at the cutoff surface. In addition, the following conditions are also chosen
where T
(1) vx = 0 is a gauge choice which relates to the fact that one can always choose a suitable coordinate system to make the fluid with zero velocity. In addition, the physics of other two conditions can relate to assume that there are no perturbation of energy density and charge density at the cutoff surface. Therefore, excluding C k1 and C, there are seven independent parameters that can be set freely. Note that, j i (r c ) = 0 and a i (r c ) = 0 are in fact one equation since a i (r) can be obtained from j i (r) as shown in [49] . Hence, these seven independent parameters can be just totally fixed by the boundary conditions in (2.21) and (2.22).
Therefore, the nine parameters can be finally fixed as
Consequently, the non-zero components of T µν , i.e. the energy stress tensor of dual fluid residing at the cutoff surface with the induced metric γ µν , are 24) which can be further rewritten into a covariant form
From (2.25), one can read out the energy density ρ, pressure p and shear viscosity η of the dual fluid at the cutoff surface
Obviously, the dual fluid obtained at the finite cutoff surface is indeed not conformal because the trace of T µν is nonzero, i.e. ρ = 3p has been broken. This result is consistent with that in Ref. [35] , and expected from the fact that the conformal symmetry has been broken with a finite radial coordinate in the bulk. However, the bulk viscosity which can also break the conformal symmetry is absent.
The zeroth-and first-order charged current of the dual fluid are given by
where n is particle number density and
Note that, hereF µν is defined at the cutoff surface r = r c through
u µ , and the chemical potential is defined as
where M , Q and r + are not constants.
The transport coefficients are found to be 32) which can reproduce the results for infinite boundary if we take the limit r c approaches infinity.
III. THE NEW CONDITIONS AND BULK VISCOSITY
Note that, excluding C k1 and C, the stress tensor and charged current of dual fluid at finite cutoff surface in fact depend on the seven parameters C h1 , C h2 , C k2 , C a1 , C a2 , C j1 and C j2 , since the stress tensor T µν is
while the charged current is
where j x (r + )/r 4 + is complicated, and the result can been found in Appendix C of Ref. [49] . Obviously, from the review in the above section, we need choose new conditions to fix these seven parameters to find out the bulk viscosity of dual fluid.
Note that, since the boosted transformation relates to the flat metric or conformal flat metric, the Dirichlet boundary condition in (2.21) can be still imposed, which can keep the boundary induced metric γ µν conformal to η µν and fix the boundary geometry. Therefore, a way for obtaining the new conditions is relaxing the conditions in (2.22) . In this letter, we find out that a simple way to obtain the rest equations to fix the seven parameters can be
where the underlying consideration is that the gauge choice should be kept, and hence a simple case is relaxing T . Therefore, after considering the above conditions, the nine parameters can be finally fixed
where C h1 , C h2 are from h(r) ≡ 0. C k2 , C a1 and C a2 are from requiring a v (r c ) = 0, k(r c ) = 0 and J v (1) = 0. Two constants C j1 , C j2 contained in j i (r) can be fixed by T
(1) vx = 0 and j i (r c ) = 0.
After inserting (3.4) into (3.1) (3.2), the non-zero components of stress tensor T µν are 5) which can be further rewritten in a covariant form
and the energy density ρ, pressure p, shear viscosity η and bulk viscosity ζ are
.
Note that, the stress tensor T µν of the dual fluid resides on the spacetime γ µν = r 2 c η µν . The bulk viscosity indeed appears in this simple case, and it can be found that the bulk viscosity is always positive between the region r = r + and r = r c by using the Hawking temperature T + ≥ 0 in (2.5).
In addition, the term −2θ in the energy density ρ can be considered as the perturbation of energy density δρ. Since the parameters C j1 , C j2 related to the charged current are same, the charged current under the new conditions keeps same as (2.29).
IV. CONCLUSION AND DISCUSSION
In this paper, we mainly investigate the possibility to find out the bulk viscosity of dual fluid at the finite cutoff surface via fluid/gravity correspondence. In Ref [49] , it has been shown that the dual charged fluid can be generalized from infinite boundary to finite cutoff surface. Although the generalization of dual charged fluid from infinite boundary to finite cutoff surface via the gravity/fluid correspondence is straightforward, there are some important differences between the infinite and finite case. First, the stress tensor and charged current at the finite cutoff surface can depend on several undetermined parameters. Excluding the two parameters C k1 and C, one need choose suitable boundary conditions and gauge to fix the other seven parameters, which means that different dual physics may be corresponded at the finite cutoff surface. Second, the dual fluid at finite cutoff surface is no longer conformal, which can be expected from the fact that the conformal symmetry has been broken with a finite radial coordinate in the bulk. It should be pointed out that although the dual fluid at finite cutoff surface is non-conformal, but it is usually with zero bulk viscosity in the fluid/gravity literatures [49, 55] . Usually, the nonzero bulk viscosity can also break the conformal symmetry of dual fluid. Therefore, in this letter we mainly focus on finding out the holographic bulk viscosity at the finite cutoff surface, which is based on [49] and uses the gravity/fluid correspondence. Our results show that the nonzero bulk viscosity can indeed be obtained in the dual fluid at the finite cutoff surface after one chooses a new conditions. Moreover, besides the bulk viscosity term, one can also find a new term related to the perturbation of energy density, which can be expected because the bulk viscosity is related to the compressional effects of the fluid.
It should be emphasized that in this letter we just consider a simple case to find out the holographic bulk viscosity at the finite cutoff surface, which is achieved by choosing a new simple condition in (3.3) . In fact, we have also investigated another boundary conditions instead of h(r) ≡ 0 in (3.3), i.e. relaxing the boundary condition h ′ (r c ) = 0. Then, the results can lead to one more physical degree of freedom of the dual fluid , i.e. perturbation of the pressure [33] .
Concentrating on the holographic bulk viscosity, we just use the simpler case h(r) ≡ 0 in this letter. However, whether there are other conditions that can be chosen to obtain the nonzero bulk viscosity is still an interesting open question. Moreover, there have been other methods and work to investigate the bulk viscosity [50] [51] [52] [53] [54] [55] [56] [57] [58] . Thus the comparison between our results and their results is necessary for the future work. Note that, if one does not use the conditions in (2.22), a general form of T (1) µν can be found in Ref [58] . After comparing with their result (3.52) in [58] , we can find that our result (3.6) is in fact consistent with their, since the 4-acceleration of U a in our case is zero, while the perturbation of energy density term in (3.6) is just the last term in (3.52) in [58] . However, since we discuss different background in the bulk, thus the values of transport coefficients are different. Moreover, as discussed in [58] , there is an ambiguity for the extra correction term g (1) in (2.14). Our extra correction term g (1) in (2.14) is chosen under the gauge in (2.13), which is different from their choices in [57, 58] . Therefore, it may be another reason to obtain different transport coefficients, which is also needed to be further studied. In addition, our stress tensor of dual fluid T µν resides on the spacetime γ µν = r 2 c η µν , while their results reside just on η µν [57, 58] . Since γ µν is conformal to η µν , thus the stress tensor of dual fluid resides on η µν usually can be obtained by making a conformal transformation of T µν . However, since the trace of T µν is usually nonzero, i.e. expressing a non-conformal dual fluid at the finite cutoff surface, thus the stress tensor of dual fluid resides on η µν can not be simply obtained by making a conformal transformation of T µν . Therefore, the conformal symmetry breaking properties of the dual fluid at finite cutoff surface is also an interesting issue to be focused on. 
